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We consider the asymptotic behavior of the vibrations of a membrane occupying a do-
main @ C R2. The density, which depends on a small parameter &, is of order 0(1)
out of certain regions where it is O(¢~™) with m > 0. These regions, the concentrated
masses with diameter O(g), are located near the boundary, at mutual distances O(7),
with 7 = n(¢) — 0. We impose Dirichlet (respectively Neumann) conditions at the
points of 9Q in contact with (respectively, out of) the masses. Depending on the value
of the parameter m (m > 2, m = 2 or m < 2) we describe the asymptotic behavior of the
eigenvalues. Small eigenvalues, of order O(e™~2) for m > 2, are approached via those of
a local problem obtained from the micro-structure of the problem, while the eigenvalues
of order O(1) are approached through those of a homogenized problem, which depend
on the relation between ¢ and 7. Techniques of boundary homogenization and spectral
perturbation theory are used to study this problem.

1. Introduction

The study of the vibrations of a membrane containing a small region of diameter
O(e) including the origin where the density is very much higher than elsewhere has
recently been performed by several authors: see Refs. 6, 11 and 12 for a study of
the problem using different techniques. '

- In this paper we deal with the vibrations of a membrane occupying a domain Q
of R? that contains many small regions of high density, the so-called concentrated
masses. These regions share a part of their boundary with that of the boundary of
2. Moreover, as the size of these small regions decreases, their number increases,
as it happens in homogenization problems. This kind of problems for the three-

- dimensional case have already been considered in Refs. 8 and 9. The results in this
paper are quite different from those in Refs. 8 and 9.

*This work has been partially supported by the DGICYT.
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Fig. 1. Fig. 2.

We assume that the diameter of the small regions B¢ is O(e) and the distance
between them is O(n), where ¢ and 7] are parameters such that n(e) — 0 as ¢ — 0
(see Fig. 1). The density is of order O(e™™), m >0, in B¢ and O(1) elsewhere. We
study the limit behavior, as ¢ — 0, of the eigenvalues A€ of a mixed problem for the -
Laplace operator with a Dirichlet condition on XN OB and a Neumann condition
on X — @B¢. This limit behavior depends on the valué of the parameter m. The
computations and main results ‘do not change very much if we impose a Fourier-
type condition on 9B *¢. Throughout all the baper we assume that {2 has a Lipschitz
boundary Q = U I'g, ¥ and I'q being non-empty parts of the boundary, and X
is assumed to be a part of a smooth curve. In Secs. 2 and 4 we consider the most
general case (812 is a smooth curve) while, for simplicity, we perform calculations
in Secs. 5 and 6 for the.case when ¥ is an interval of { (z1,22) € R? : 2, = 0} (see
Figs. 1 and 3). A

As it is usual in homogenization problems we try to obtain macroscopic in-
formation about the eigenfunctions through microscopic information. We obtain
microscopic information in a neighborhood of each B¢ by introducing the local
variable (cf. (4.3)) that enlarges considerably the vicinity of B¢ and leads us to
the study of an eigenvalue local problem (cf. (3.4)). The study of this problem, as
well as of other problems dealing with the microscopic information is performed in
Sec. 3.

For m > 2, a fact common to this kind of problems with one or several concen-
trated masses (cf. Refs. 6, 8, 9, 11-13) is that small eigenvalues, of order O(e™=2),
are associated with local vibrations while eigenvalues of order O(1) with global vi-
brations. That is to say, when \¢ = \0gm—2 | o(e™2), X0 is an eigenvalue of the
local problem. The corresponding eigenfunctions 4 ¢ are only significant in a small
neighborhood of the concentrated masses (they are approximately eigenfunctions
of the local problem associated with A% and they are very small for [z] = O(1).
Only for a three-dimensional body containing many concentrated masses near the
boundary at mutual distances M~ /€ (cf. Refs. 8 and 9), can the eigenvalues of
order O(e™~2) give rise to global vibrations affecting the whole body.
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One might think that results for the three-dimensional body with many con-
centrated masses could be generalized to the case of a membrane. However, as
a consequence of the difference between the behavior at infinity of the functions
with a bounded gradient in the plane and those in the space, we prove that the
cigenvalues of order O(e™~2) are only associated with local vibrations (see Secs. 4
and 5.1) while eigenvalues of order O(1) are associated with global vibrations (see
Secs. 4 and 5.2). The case m = 2 is always a special case: The eigenvalues of order
O(1) can cause local and global vibrations (see Refs. 11 and 12 for the resonance
phenomenon in the case of a single concentrated mass in the membrane).

Using the method of matched asymptotic expansions (see for instance Refs. 8, 9
and 13) we prove in Sec. 4 that expansions A = em—2A040(e™~?) hold when m > 2
only for A” an eigenvalue of the local problem. When m = 2 the expansions are
also possible for A0 an eigenvalue either of the local problem or of the homogenized
problem, which depends on the limit o = lim._o(=1/(nlne)) [see (4.11) when
a > 0, (4.12) when o = 0 and (4.13) when a = +oo|. The eritical case, when
a > 0, gives us a relation between the size of the B¢ and the distance between
them such that the asymptotic behavior of the eigenvalues and the eigenfunctions
is different from the behavior of those in the extreme cases & = 0 and o = +o00.
The boundary condition of the homogenized problem is only a consequence of the
homogenization of the boundary conditions and not of the concentrated masses.
Obviously, for m > 2 global vibrations should also exist. We find th® corresponding
eigenvalues A ¢ = A’ 4 o(1) with A° an eigenvalue of the homogenized problem.

Section 5.1 gives the convergence results when X0 is an eigenvalue of the local
problem. The proofs of these results are based on the Fourier transform method
for spectral perturbation problems: we obtain spectral convergence when some
properties for the solutions of time-dependent problems are known (see for instance
Refs. 8, 9 and 13). We prove the convergence results for the case when A is an
eigenvalue of the homogenized problems in Sec. 5.2 using the Energy Method for
boundary homogenization problems (see for instance Refs. 4, 7-9) and the Fourier
transform method.

The case m < 2 is considered in Sec. 6. Local vibrations are not found. The
full mass of the concentrated masses is quite small and these do not influence the
vibrations of the membrane. The asymptotic behavior of the eigenvalues is as if the
concentrated masses did not exist.

2. Formulation of the Problem

Let Q) be any bounded domain of R? with a smooth boundary 9Q. Let X and [
be non-empty parts of the boundary, such that 9$2 = T uTlq.

Let us consider orthogonal curvilinear coordinates (s,n) for the point P in a
small neighborhood of 8§, where n is the distance between P and 9§ measured
inwardly along the unique normal to 08} passing through P, and s is the length of
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- 0Q measured anticlockwise between a fixed point on the boundary and the foot of
the normal through P to 9Q (see Fig. 1).

Let € and 7 be two small parameters such that ¢ < pand n =n(e) —» 0ase — 0.
Let B be the semicircle B = {(y1,¥2) : 42 + ¥2 < 1, y2 < 0} in the auxiliary space
~ R? with coordinates y,, y2. Let 8B be its boundary B = T UT', where T is the
interval T = {(y1,0) : 31 € (—1,1)} lying on the ys-axis. Let B® (and similarly T,
I'?) denote its homothetic eB (eT', €T') in the s, n variables. Let Bf (and similarly
T(, T';) denote the domain obtained by translation of the previous B¢ (T*¢, I'¢)
centered on the point (sg,0), s = kn, k € Z (see Figs. 2 and 3).

Let Z;, be the point of ¥ of curvilinear coordinates (sg,0), for k ranging from
~N(e) to N(g). The number of Z contained in ¥ is 2N(g) + 1 with N(g) of
order O(%) For each k we define, in the z;,z2 variables, the region B =
{(z1(s, n), 22(s,n)) : (s,n) € Bi} and we denote by Tg, and I'_ the parts of
its boundary in contact with ¥ and contained in Q respectively (see Fig. 1). We
observe that in the x variables B . 1s no longer a semicircle. Nevertheless, in order
to simplify, if there is no ambiguity, we shall also use B® (T, I'*) to denote any
domain B, (T, T, ) for k € [-N(e), N(g)].

We study the asymptotlc behavior as € — 0, of the eigenvalues of the problem:

—Auf = p°X%uf in Q,
u* =0onI'gU UTE, (2'1)

ue
on
where p® = p(z) is the function defined as:

=0on ¥ -7,

1 . e
@)= e 1f:z:€UB_
1, fzeQ—-JBe.
Here and in the sequel the symbol | is extended, for fixed ¢, to all the regions B;,,
contained in 2. The parameter m is a real number.

Note that we have considered B as a semicircle for simplicity. Nevertheless, all
the results in this paper hold if B is assumed to be an open domain of the lower half-
plane {(y1,72) € R? : y, < 0} with a Lipschitz boundary, and T = 8B N {y, = 0}
any open interval containing the origin.

We denote by V¢ and V the completion of the spaces {u € C1(Q) : u = 0 on I'qU
UT¢} and of {u € C'(2) : u =0 on I'q} respectively in the topology of H'(f).

The variational formulation of problem (2.1) is:

Find A® and u® € V¢, u® # 0, satisfying the equation

(22)

/ Vu® - Vot dz = L / u*v® dx + /\-6/ uvtdz, Ve Ve, (2.3)
Q em UBs —
For fixed ¢, (2.3) is a standard eigenvalue problem. Let

D<A <A< <A< —2 100 (2.4)
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be the sequence of eigenvalues of (2.3), with the classical convention of repeated
eigenvalues. Let {u$}$2, be the corresponding sequence of eigenfunctions, which is *
assumed to be an orthonormal basis of V.

Remark 1. It is well known that the classical expreésion for the Laplacian and for
the gradient operators in the curvilinear coordinates s,n (see Sec. I1.72 of Ref. 10)

are:
A=t (2 (Pnd) 0 (h BY
** " hshn \8s \ h, Os on \h,0n/))"

Vsn = i 9 ii respectivel
" \hsOs’ h,om )’ TP v

25

where hy(s,n) and h, (s, n) are smooth functions in the neighborhood of 9Q where
the change of variables from z;,, to s, n are defined. These functions satisfy

he(s,00 =1,  hn(s,n)=1 ’ (26)

and the Jacobian of the transformation is the smooth function hs(s, n)hy (s, n)
We have the following estimates for the eigenvalues of (2.1).

Proposition 1. (a) Let us assume m 2> 2. For eachi=1,2,...,n,. , we have:
CCemTP X< Q™2 (2.7)
(b) Let us assume m < 2. For ea(‘:h i=1, 2,...,n,..., we have:
C<X <L Ci_’, (2.8)

where C and C; are certain constants, C; independent of &, and C independent of
€ and i.

Proof. Taking into account Remark 1, for small ¢, the elements of H! (Bg,) can
be identified with those of H} . (Bf) where indices s,n mean that the space is
understood in the sense of the Lebesgue measure ds dn. We consider v¢ = u¢ in
Eq. (2.3) and then we perform the change of variables from z;,z, to s,n in the
integral of (2.3) over the union of all the B . Finally, we mainly use the minmax
principle and the Poincaré inequality for the elements of {ue H (Bf) : u =
0 on T} } to obtain (2.7).and (2.8) (see Proposition 1 of Refs. 8 and 9 for this kind
of technique). O o

Remark 2. The geométffé sti‘ucture of the problem in this section and calculations
in Sec. 4 are simplified if 1 is a bounded open domain of {(z1,22) € R? : 25 < 0}
with a Lipschitz boundary- 99 and the part ¥ in contact with {z, = 0} is assumed
to be nonempty (see Fig. 3).. '
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3. The Local Problem

As a result of using asymptotic expansions in Sec. 4 we obtain two problems posed
in the lower half-plane R2~ = {(W1,92) e R? 1 gy, < 0} which, give us microscopic
information about the eigenfunctions of (2.1). These problems lead us to the study
of an eigenvalue problem, the so-called local problem. We study in this section some
properties of -the solutions of all these problems, and their relation with problem
(2.1) will be justified in Sec. 4.

- Let us consider W = W (y) the solution of the problem:

(‘—AyW = 0in R?-,
J W=1onT,

6 : . ’ - ) %

— = =0} - . 3:1 3

ay2 0 O:Fl {y2 0} ‘Ta ( | )
W(y) 1

_ , 0
{ 1D|yf - n?2’ as]y[—>oo Y2 < U,

which has already been studied in Ref. 7. The solution in H (R%-) is given by:

1 1 T
W) =——— / Vi PVt +edd (32)
21 :

i
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Let H* be the solution of the problem:

—AH = MH+W-1)inB,
~A,H = 0in R*~ - B,

[Hl= [;)_H} =0onl,
Tiy (3.3)
H=0onT,
OH _
— =0on{y2=0 —T,
9, {y2 = 0}

L H(y) — ¢, as |y| — 00, ¥2 e s

which contains the parameter A, and where 7iy denotes the unit outward normal to
T', the brackets denote the jump across I’ and ¢ is an unknown constant.
The local problem is the homogeneous problem associated with (3.3):

(—A,H = \H in B,
-AyH =0in R — B,
[H = {g—H] —QonT,
"ty (3.4)
H=0onT,
0H =
£ = 0L
s 0 on {y2 =0} :
H(y) —c, as |y — o0, y2 < 0.

Provided that ) is not an eigenvalue of (3.4), problem (3.3) has a unique solution
H* €V, where space V is the completion of {v € CY(B) : v =0 on T} for the norm
of H'(B). Problem (3.4) amounts to the eigenvalue problem:

Find v € R and H € V, H # 0, satishying

/VH-VdeJr(THIr,VIr):uj HVdy ¥V eV, (3.5)
JB B

where operator T € L(H'/?(T"), H='/*(T)) is the normal derivative operator. As
a consequence of the definition of operator T (see Ref. 6 and Sec. IV.8 of Ref. 13
for definition and properties of T), for each ¢, p € HY/2(T) the solutions Us (U?,
respectively) of the problem

—AU = 0inR* - B,
U=¢ onT (U=ponl, respectively) ,

( = 3.6
o =0on{y, =0} =T, (35)

Ao
Uly) — ¢ as Iyl = 00, 32 <0,

satisfy
(T¢,p= / vU? .- VU? dy.

JIR2--B
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So we have that the form defined by the 'léft-hand side of (3.5) is continuous, sym-
metric and coercive on V. Therefore, (3.5) is a standard eigenvalue problem having
a countable infinity of positive eigenvalues {v;}%2. .

"Remark 3. Taking into account that the solution of (3.6) for ¢=1isU' =1, we
have :

O0H
(THlr 1) = (321) =0, @
Ny H=1/2(T)x H1/2(T) '
for H the solution of (3.3) or any eigenfunction of (3.4). This makes a difference
in the asymptotic behavior of the eigenvalues of (2.3) between dimensions two and

* three (see Refs. 8 and 9 for comparison with the bi-dimensional case in this paper).

As it is well known, the behavior of the eigenfunctions of (3.4) -and the solution
~of (3.3), in a neighborhood of infinity is: '

H(y) = e+ 0(ly) |
{ 3—5@ = O(lyl ™), 8).
while the behavior of the function deﬁned by (3.2) is:
W(y) = O(ln y))
{ Z‘Z(y) =0(ly|™). (3.9)

For convenience, we introduce here the solutions of two problems ( microscopic
problems) that we obtain using formal asymptotic analysis in Sec. 4: the function
VA= VA(y) depending on the parameter A

VAY) =1-H\y) - w(y) (3.10)

and the function U = [/ (y) defined as

UW(y)-W(y), ifyeR> _B

Uly) = {0, ifye B, (3.11)

W and H* are the solutions of (3.1) and (3.3) respectively, and U W(y) is the
solution of (3.6) for ¢ = Wir. .

4. Asymptotic Expansions for Global Vibrations

In order to have an idea of the asymptotic behavior of the eigen-elements of problem
(2.1) we apply the techniques of asymptotic matched expansions, We deal here with
global vibrations affecting the entire membrane. The results obtained in this section
will be justified in Secs. 5 and 6. '
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Throughout the section we consider m > 2. We postulate an expansion of the
eigenvalues A* = A, for a given ¢ € N:

)\&':Em—Z)\ﬂ_i_Em-l)‘l_i_‘”, {41}
and for the corresponding eigenfunctions u° an outer expansion in © of the form:
u®(z) = u’(z) + eul(z) +--- . (4.2)

From (2.1), (4.1) and (4.2) we deduce that u° satisfies —Au® = A°u%62, in Q, u® = 0
on I'p and some boundary conditions on ¥ that will be obtained using the match-
ing relations with local expansions, in an analogous manner to that performed in
Refs. 7-9. The symbol 82, is the Kronecker symbol.

In a neighborhood of ¥ we consider curvilinear coordinates (s,n). In order to
obtain microscopic information on the eigenfunctions near = = 7y, for each fixed k,
we introduce the local variable y:

s—kn n

~ . 4.3
W = v Y2 c ( )

which dilates the neighborhood of each point (sk,0), s = kn. B, is B and the
closest center to Zj is at distance O(n/¢) in the y variable.
We postulate a local expansion for u ¢ of the type:

u® =)’ (y) + al(e)ily) + -, (4.4)

for some order functions a*(e), i = 0,1,2,.... Writing (2.1) in the (s, n)-coordinates
(see Remark 1) and performing the change of variables from (s, n) to y, we replace
(A%,u®) by expansions (4.1), (4.4) in this problem.

On account of (2.6), we obtain that v™satisfies the first five equations of (3.4).
The condition at infinity,

- 0 0 -"‘—k?} E — a0 2 e
gli'%of (e)v (__—e ,E) = u’(8,0), (4.5)

is obtained from the asymptotic matching principle.
Provided that A° is not an eigenvalue of (3.4), we can write vy} =
5}
u®(sk, 0)V*" (y), where V** is the function defined in (3.10) for A = A°. Then,
on account of (3.1) and (3.3), relation (4.5) is satisfied for
In2
0
al(e) = ———. 4.6
() Ine c
Function o (E)V’\U (y) gives us microscopic information about u® in a neighbor-
hood of B%, . Using this information we consider a local expansion for the derivatives
of u* in a neighborhood of ¥ and match it with the outer expansion to obtain:

e gl_rl% zk: ? u [sk} O)TIT[S_.TL) any E

i
Tk
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where 7(, ,,) and 7, denote the change of variables from y to (s,n) and from (s, n)
to z, respectively, and the summation is extended to all the centers 7 of -Bg,
contained in X. ’

Taking into account Remark 1, (4.3) and (4.6), we calculate the limit on the

right-hand side of (4.7) and we obtain the condition satisfied by uo on ¥ in Cartesi@an

coordinates:
O oV’ : "
ai =-—aln?2 < o .1 w5, (4.8).
"z " Ir H-1/2(C)x H1/2(T) , ‘
.~
where a = lim,_,q ﬁnie > 0.
Relation ¢ = exp (;—"1) for a > 0 gives us the critical size of the regions BS , such .

that the asymptotic behavior of ©¢ on X is a Fourier-type condition, intermediate
between Dirichlet and Neumann conditions. In the extreme case lim._,q nT—nls =0
(limg_¢ nTnl = = 100, respectively) we obtain that u® satisfies Neumann (Dirichlet,
respectively) conditions on X.

On account of (3.1), (3.3), (3.7) and (3.10) the right-hand side of (4.8) is given

by
L aw
—aln?2 —(31,0) d 0
@ In (/_13y2(y1 )yl)ulz

and the coefficient of u?,

1
-« ln2/ %(yl,()) dy; = —ar, - (49)
-1 8?/2 :

has already been computed in Ref. 7. Calculations in this section lead us to assert
that either value A° is an eigenvalue of the local problem (3.4) or (A% u°) satisfies

—Au® = %962 in Q,

0 _
Ou? 0
%z—aﬂ'u on ).

That is to say, provided that A° is not an eigenvalue of (3.4), when m > 2, the
first term of expansion (4.2) is zero for any . When'm = 2, 4% is an eigenfunction
associated with A° of the eigenvalue problem

—Au = Ay in Q, )
u=0onTla, g o5y, (4.11)
ou _ —amuon X
on ’
~Au = Auin Q,
u=0onTg, for a =0, (4.12)
% on s
on ’
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and
—Au = Au in Q,
u=0onIg, fora=+occ. (4.13)
it —=00on X%,

Homogenized problems (4.11), (4.12) and (4.13) are standard eigenvalue pro-
blems, each one having a countable number of positive cigenvalues converging to
infinity. The variational formulation of (4.11) (and (4.12) when « = 0) is:

Find A% € R and u° € V, u” # 0, satisfying

/V?LU-VUCEJI:'I—(IT‘T/ uovdﬂzz\o/uovdx, YoeV. (4.14)
0 5 Q

The variational formulation of (4.13) is:
Find A\° € R and «° € H}(Q), «° # 0, satisfying

Vil - Vodz = )\0/ wvdz, Yove HNQ). (4.15)

Q 0

Remark 4. The conclusions obtained for m > 2 lead us to assert that global
vibrations must also exist. Therefore, we look for asymptotic expansions of A®
of the type: X\* = A% 4 eA! 4+ ... In this case, we obtain that the microscopic
information of u  is given by function a”(¢)U(y) with U defined in (3.11). We prove
that for & > 0 (@ = 0 and @ = +o0, respectively) (A"*,u’) is an eigen-element of
(4.11) ((4.12) and (4.13), respectively), u” being the first term arising in expansion
(4.2) (cf. Sec. 6.2 of Ref. 9 for a similar situation in dimension three). See Theorem 7
and Remarks 8 and 9 for a study of the critical case & > 0, and Theorems 5 and 6
for the cases o = 0 and o = +o0. -

Remark 5. The results in Remark 4 also hold for m < 2. This time, for o > 0 we
obtain that (A", u") is an eigen-element of (4.11), and the microscopic information
is given by function a®(¢)(1 — W(y)), W defined by (3.2).

5. Asymptotic Behavior of the Eigenvalues for m > 2

For simplicity throughout Secs. 5 and 6 we assume that € is a bounded open domain
of {{x1,z2) € R? : 2, < 0} with a Lipschitz boundary 6 and ¥ is the part in
contact with {z» = 0} (see Remark 2 and Fig. 3). The proofs of the results stated
in both sections can be generalized, with minor modifications, to the general case
when ¥ is a part of a smooth curve. However, taking into account formula (4.3),
calculations become rather awkward and we do not deal with them here.

In this section we consider the case m > 2 and prove some convergence results
for the eigenvalues AS of (2.1) for € — 0. The results in this section justify to some
degree the formal calculations performed in Sec. 4. As in Refs. 8 and 9 we use the
Energy Method for boundary homogenization problems and the Fourier transform
techniques for time-dependent problems to establish spectral convergence.
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We state the main results of the section in the following theorems,

Theorem 1. Let us consider m > 2 and o = lim,_, ?;TTIS Each eigenvalue N0 of

the local problem (3.4) is a point of accurnulation of g%i_—g-, AS being the eigenvalues
of (2.1). Besides, if Aile.y converges to A° as g, — 0, then X% is an eigenvalue of
the homogenized problem (4.12) when o = ) ((4.13) when o = +00). Reciprocally,
when o =0 (o = +o0o respectively) each eigenvalue of (4.12) ((4.13) respectively) is
a point of accumulation of A

Theorem 2. ILet us consider m =2 a=lim,_, nT—nlE and X the eigenvalues
of (2.1). If )tf(’;nJ converges to A% as e, — 0, then A° can be an eigenvalue of
the local problem (3.4) or an eigenvalue of the homogenized problem (4.11) when
a >0 ((412) when v = 0 or (4.13) when a = +o0). Reciprocally, if \° is an
eigenvalue of (3.4) or an eigenvalue of (4.11) ((4.12) and (4.13) respectively) when
a>0 (=0 and a = 400 respectively), then A° is a point of accumulation of X¢.

The proof of these theorems is a direct consequence of Theorem 3 in Sec. 5.1
and Theorems 46 in Sec. 5.2.

5.1. Local vibrations
We introduce two hyperbolic problems for special initial data associated with (2.1)
and (3.4) respectively and use the Fourier transform to prove that cach eigenvalue

of the local problem (3.4) can be approached by sequences -j,%{;, as £ — (. Once
we have chosen suitable initial conditions for the hyperbolic problems, the proof of
the convergence is quite standard. Thus, we only sketch here the proof (see Scc. 5.2
of Ref. 8 and Sec. VIL12 of Ref. 13 for this kind of technique).

Let us change the variable in (2.3) by setting y = z/e. We obtain:

f VyUS -V, Vedy = 4 / BYUVidy, vVeeVe, (5.1)
0. 02,

Q2 being the space {y: ey € 0 b® = A/e™2 and g* (y) defined as:

5() 1, ifyelJnBe
y)= E'm! if Y e QE . UTyBE}

where 7, B denote the transformed domains of the regions B® contained in 0 to the
y variable. V¢ is the functional space {U = U(y) : U(ey) € V). Let . B,
be the eigen-clements of (5.1), where {E5}52, is assumed to be an orthonormal
basis of V*.
For convenience we write the variational formulation of (3.4) in the form:
Findv>0and U ey, U # 0, satisfying

/ VU -V, Vdy = yf UVdy,V VeV, (5.2)
R2- B
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where V is the completion of {UeDR): U =0o0n T'} for the Dirichlet norm
”va||L2(m2-]- It is evident that V C L?(B) with dense and compact embedding,
Let {v;, Uv"'};?";I be the eigen-elements of (5.2) with {U7 5=1 an orthonormal basis
of V.

For each k, we consider (v, U *) a fixed eigen-element of (5.2). Let $°(y) be
the function defined as:

1, if |y| < R,

= In|y| —In R, E

Fu)={1- 2Ry < (53)
0, if [y| > RZ,

where R, = —Ej:f—ﬂl. On account of ¢ = o(n), formula (5.3) and the fact that

U* € V is a harmonic function outside B(0,1) and satisfies (3.8) for large values of
lyl, we show: &= € H{(B(0, R2)), Ukge e Ve,
”Vy(Uk‘f’E)”Lz(mz—) < Cte (5.4)

and

e—0

Ukge U* in V. (5.5)
We observe that Cte in (5.4) is a constant independent of £ and the elements of V €
prolonged by zero in R~ — 0, are elements of .
Let U€ € L*°(0,00,V¢) be the generalized solution of the hyperbolic problem
corresponding to (5.1):

=S d2U5 £ £
B(y) p7e FASET =0, 50
U<(0) = U*g", (5.6)
dus
dt (U) - 0:

where A® is the operator associated with the form defined on V ¢ by the left-hand
side of (5.1). Writing the formula of the conservation of the energy for U=(t),
(5.4) leads us to assert that there is a function U € L*(0, 00, V) such that some
subsequence U ¢ satisfies:

e—0

s U in L>(0, 00, V) weak — *, and

. £ . (57)
1= U in L™>(0, 00, L?(B)) weak — *.

On account of (5.4) and (5.5) we identify U in (5.7) with the generalized solution
of the hyperbolic problem corresponding to (5.2):

‘U
G A= 0

dt?
U(0) = U*, (5.8)
dU
E(U) =0,
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B(y) being the function defined as 1 in B and 0 in R~ — B, and A the operator
associated with the form defined by the left-hand side of (5.2).
Now the spectral convergence holds as stated in the following theorem.

Theoreme 3. Each eigenvalue vy, of the local problem (3.4) is a point of accumula-
tion of é—,;\‘_—z,, A being the eigenvalues of (2.1) and m > 2.

Proof. Let us consider the Fourier series expansion of the solution. U¢ of (5.6)
(U of (5.8), respectively) in terms of {E5}2, in Ve ({Ud }521 in V), respectively).
We multiply both expansions by U* in the space V, and take the Fourier transform

from ¢ to 8. On account of (5.7), we have:

26 [0(0-5) + (0 ) | =809 i) 05+ i

Jj=1

in §'(—00, ), where cs = (Ukg®, Ej)ve(U"’,EJ‘?)f,. ‘Then, the result of the theo-
rem holds (see Theorem 3 of Ref. 8, for example). 0O

5.2. Global vibrations

This section is devoted to proving the results of Theorems 1 and 2 not dealing with
the eigenvalues of the local problem. Results when m > 2 are qualitatively different
from the case when m = 2, as announced in Sec. 1. Nevertheless, in the proofs of
Theorems 4 and 6, we consider both cases together because the Teasoning is of the
same type.

It will be useful to introduce here the cutoff functions ¢ that we shall use to
construct suitable test functions in order to prove the results in this, and the next,
sections (see Refs. 2, 8 and 9 for similar constructions). Let ¢ be a smooth function
which takes the value 1 in the semicircle of radius (e+n/8), B(e+n/8), and is zero
outside the semicircle of radius (e + n/4), B(e + n/4):

- P(z) =9 (2I$IT—8) ,

where p € C°[0,1,0< 9 <1,p=11n [0,1/4] and Supp(yp) C [0,1/2].
We denote by W* the function

We(z) =1+ 112—: (1 —-w (g)) , (5.9)

where W is the solution of (3.1). On account of (32) and (3.9) it is easy to prove:

We(z) < Ctell%l;nl forz € C*,
owe Cte (5.10)°

< fi €
oz, (z) < nine] orzeC*,




Vibrations of a Membrane 579

C* being the region C'* = B(e+n/4) — B(e 4 n/4) and Cte a constant independent
of e.
Let us consider the functions w® defined as

w®=1-W%" in B(e+n/d) (5.11)

and prolonged by periodicity over all the regions B(e+n/4) centered on #;, contained
in €2, and by value 1 outside.
In an analogous way we define function @ ¢

W =1-U%¢° in B(e+1n/4), (5.12)

U now being U ¢ = (1+ %;’l—gU(f)) and with U defined by (3.11). U ¢ also satisfies
estimates (5.10). ‘

On account of (4.4)—(4.6), Remarks 4 and 5 and estimates (3.8), w® and W ¢ are
used as test functions in the proof of the following theorems. We state the main
properties of these functions in Propositions 2 and 3.

Proposition 2. Let us consider o = lim,_,¢
(5.11) satisfy:

2> 0. The sequence w® defined in

=1
nlne =

(a) For fized ¢ > 0, w® € H'(Q), w® = 0 on YT*, ‘and takes the value

(-2 (1- W (%)) in B, , for each k € [-N(e), N(e)].
—0

(b) Jo Vwe |>de < C (constant C does not depend on €), and we ——— 31 in
HY(Q)-weak.

() f[o|Vwe 2¢dz ar [ ¢d% for each function ¢, ¢ € C(Q).

—0

(d) For each v € V and each sequence {v}e with v€ € V¢ and ve —— 1y

weakly in H'(Q), there exists a sequence 5 € HY() such that 55 = 0 on

e—0
FoqUUT®, 9 ——— v weakly in H*() and

e—0

/sz-wwdmﬂ—mw/ v dX. (5.13)
Q by
Besides,
1 e—0 .
wfvddr —— 0, (5.14)

gg UBE

¢ in (5.13) and (5.14) being any function of {u € C1() :u =0 on To}.

. Proof. Property (a) is a consequence of the definition of ©° and W¢. On account
- of (5.10), (5.11) and estimates for ¥ * and its derivatives we prove:

/ |Vw6|2dx=/ [VWe|? d + o(1),
Q U B(e+n/8)
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with o(1) — 0 as € — 0. Now, by applying the Green formula on each B(e +n/8)
and taking (5.9), (5.10), (3.1), (3.2) and (4.9) into account we prove statement (b),
as well as (c), for any step function ¢. So, (c) is also true for ¢ € C(9).

For each fixed h > 0, we consider a regular triangulation of the domain Q of
diameter h. Let v>"* be the product of w* by the projection of v on the space of
the continuous functions over Q which are polynomials of degree 1 on each triangle
and take the value zero on I'n. On account of (c) and by a process of taking limits
first as ¢ — 0, and later as h — 0 in the integral '

/ Vw® Voot ¢ de
Q

we may choose a sequence h(e), with h(¢) — 0 as ¢ — 0 and with the functions
#¢ = v5h() converging to v weakly in H! (Q) and satisfying (5.13) (see Sec. 1.3.4 of
Refs. 1, 5.1 of Refs. 8 and Ref. 2 dealing with the techniques used for this proof).
(5.14) is a consequence of property (a) and the Poincaré inequality on each region
B, . Therefore the statements in proposition hold. 0O

Proposition 3. Let us consider o = lim,_,q nTnle 2> 0. Functions w® defined in
(5.12) satisfy:

(a) For firede >0, w° € HYQ), ¢ =0 in UBse.
(b) JoIV@s|2de < C (constant C does not depend on €), and w* —— 1in
H(Q)-weak. :
—0 -
(¢) fo|ViE|2e dz—"" g J5 ¢d%, for each function ¢, ¢ € C(Q) (c* is the
constant, ¢* = —In2 (gTUy , 1>H—1/é(r)xH1/2(P) and U defined by (3.11)). -

. —0
(d) For each v € V and each sequence {v°}, with v¢ € V¢ and ve " Ly

weakly in H'(Q), there exists a sequence 5¢ € HM(Q) such that 55 = 0 on
—0
ToUUBS, ¢ —— v weakly in H'(Q) and

/ Vi - Vi $dz — o c* / v$d, (5.15)
Q z

¢ being any function of {u € C*(Q) : u =0 on Iq}.
Proof of Proposition 3 holds as 2 and it is not given here.

Remark 6. On account of (c) in Propositions 2 and 3 we observe that in the
case when lim,_, n;—nle = 0 the convergence of w* and ¢ to 1, as € — 0, takes
place in the strong topology of H'(f2). Besides, considering that (5.10) holds for
€ <, in the case when lim,_,q nf—nle = 400 we multiply the terms depending on ¢
in (c), (5.13), (5.14) and (5.15) by (—nlne), and we prove that these new sequences
converge, as € — 0, towards the same limit, where we now have identified o with 1.

Theorem 4. Let m be > 2, and a = lim._q n?—nle Let (X, u) be the eigen-
elements of (2.1). Let us suppose that there is a sequence €, — 0 such that:
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En n—00 0
L\
m—2 ?
En

us" _I7® w0 weakly in HY
i y in H* (),

where the indez i may depend on £,. Then,

(i) ifm>2,u =0,
(i) ifm =2 andu® #0, (A0, u0) is an eigen-element of (4.11) when o > 0. ((4.12)
when o = 0 and (4.13) when a = +oo, respectively).

Proof. Let us first consider the case when a = lim._o ;% > 0. For simplicity
we write (A€, u®) instead of (A{",u;"). Statement (a) in Proposition 2, allow us to
take v = ¢w® in (2.3):

/ Vut - V(w'¢)dr = 4— 1 / ufuwpdz + )\6/ wfuwtodz, (5.16)
Q gm—2 €2 Be _UBs

with ¢ € {u € C*(Q?) :w =0on I'q} and w® defined in (5.11). Taking properties
(b) and (d) for w* into account and considering the sequence {i }. satisfying (5.13),
we obtain:

/ vul - Vodz + onr/ ulpdY = 53,,\0/ wdr — lim [ V(s —i®)-Vuddr.
Q b Q =0/

(5.17)
As u€ = i° = 0 on | JT¢, similar reasoning to that performed in the proof of (b) in
Proposition 2 leads us to assert that the limit occurring in (5.17) is 0. On account
of (4.14), the results stated in (i) and (ii) of the theorem are true for a > 0.

To prove the assertions of (i) and (ii) when a = +00, we observe that (A%, ) -
satisfies 10 = 0 on T, and equation —Au® = §2X°u° in D'(Q2). Taking Remark 6
into account, the condition u® = 0 on X is deduced by multiplying (5.16) by (lne)
and taking limits when € — 0; we obtain:

/u°¢d2=o, V¢e{ueCH):u=0o0nTe}
py

Therefore, the theorem is proved. O

Theorem 5. Let m be > 2, and a = lim. o ﬁrﬁ Let (X5, uf) be the eigen-
elements of (2.1). Let us suppose that there is a sequence en — 0 such that:

n—o0 0
- A

En
’\i(en)

“:("e,.) T w0 weakly in HY(Q),

where u0 is assumed to be nonzero. Then, (\°,u®) is an eigen-element of (4.12)
when o = 0 ((4.13) when a = +00, respectively).
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Proof. We rewrite the proof of Theorem 4 replacing w*¢ by the test functions ¢
in (5.12) and taking into account Proposition 3 and Remark 6. O

The following theorem gives us some complementary results tg those in Theo-
rems 4 and 5. We show the theorem using the techniques in Sec. 5.1.

Theorem 6. Iet 45 consider o = lim, _, njnls.

(i) Let m be equal to 2 and \° pe g eigenvalue of (4.11) fora > 0. ((4.12) for
a=10 and (4.13) for o = +00, respectively), then it is q point of accumulation
of A5 (As eigenvalues of (2.1)).

(ii) Let m be > 2 gng A% be an eigenvalue of (4.12) for a = ¢ ((4.13) for o = +00,
respectively), then it is q point of accumulation of X¢.

Proof. Asin Sec. 5.1, once we have chosen suitable initial data for some hyperbolic
problems associated with (2.1), the proof of the theorem is quite standard in bhoth
cases (i) and (ii) (see Theorem 7 of Ref. 9 for 5 similar proof). We only write here
the hyperbolic problem depending on «. ‘ ’

Let us consider the hyperbolic problem associated with (2.1),

&
pe(z)d;T‘; +A%uc=0, ¢
us(0) = re, (5.18)
du€ .

where A°¢ is the operator associated with the form defined on Ve by the left-
hand side of (2.3). The initial data (re,0) e ve xL*(Q) for the proof of (i) ((i),
respectively) are given by r¢ = yye (r¢ = ywe, respectively) with ¢ ¢ {u €
C') :u=00n I'a} such that (v, UO)L2(Q) # 0, and w® the function in (5.11)

-(w*® in (5.12), respectively). Finally we use Proposition 2 and Theorem 4 (3 and
5, respectively) to identify the limit of u € (t) in L0, 00, V) weak-* and to obtain
the assertions of the theorem. 0O

Remark 7. In the proofs of Theorems 4 and 6, function We in (5.9) can be
replaced by function 1 + };‘—?(1 -W(E)-H ’\o( £)), where H*® i the solution of
(3.3) for A = X%, provided that A° is not an eigenvalue of the local problem (34).
On account of (3.8) and (3.9) these functions also satisfy (5.10). Its value on each
Beis (—ﬁ:—?(l - W(&2s) H’\O(z;f’%)), and considering (3.3) and (3.7) the other
assertions in Proposition 2 also hold.
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Theorem 7. Letm be > 2, o = lim. .o WT—:E > 0 and (A2, uf) be the eigen-elements
of (2.1). Let us suppose that there is a sequence €, — 0 such that:

Xy —— A and ufp, ) ———u” i H'(Q),

where 0 is assumed to be nonzero. Then, (A°,u%) is an eigen-element of (4.12).

Proof. As in the proof of Theorem 4 we just write v® = ¢ € in (2.3), with
¢p€{uecC():u=0o0nTq}and w* defined in (5.12). On account of properties
(a) and (b) in Proposition 3 we pass to the limit in the equation

/ Vu® V(i @) de = N° / u o dx,
9] Q
when £ — 0. We obtain,

/VUO-V¢d:B=)\O/uO¢=dm,
Q

0
i.e. the result established in the theorem. O

Remark 9. The fact that uf(’;n) converges to u? in H'(Q), as £, — 0, in Theorem 7
seems not to be a restrictive condition, since each eigenfunction u¢ of (2.1) belongs
to H'*7(Q) for any r with 0 < r < 1 (see Sec. 2.4 of Ref. 5). Thus, we can normalize
u$ in some space H'*7(Q) for a fixed r > 0, and then extract the sequence as the

theorem states.

6. Asymptotic Behavior of the Eigenvalues for m < 2

In this section we study the asymptotic behavior of the eigenvalues, A;, of (2.1),
as € — 0, for m < 2. We use the Energy Method and typical techniques in G-
convergence of operators theory (see Sec. IIL.9.1 of Ref. 1 and Sec. 5 of Ref. 9 for
more details) to derive spectral convergence. Now, the effect of the regions B*
where the density is higher than elsewhere, can be disregarded, as it happens in the
case of a single concentrated mass (see Ref. 11). As the following theorem states,
the asymptotic behavior of the eigenvalues is as if the concentrated masses did not
exist, that is to say as if m = 0.

Theorem 8. Let o be o = lim._,g ﬁ and (A5, u$) the eigen-elements of (2.1).

There is a sequence £, — 0 such that for every i € N:

T—+D0

)\E" A‘h (61)
& 00 i 1 3
u;t ————u;  weokly in H (), (6.2)

where \; is the i-th eigenvalue of (4.11) when o > 0. ((4.12) when o = 0 and (4.13)
when a = 400, respectively) and u; is the corresponding eigenfunction.
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Proof. Let us first consider « > (). Considering (2.8), the orthonormality of uf in
V and applying a diagonalization argument we can extract a sequence &,, — 0 such
that A~ uSn satisfy (6.1) and (6.2) for some A; real and u; € V.,

Let us consider ¢ ¢ e Ol o = 0o Lo}, and we, the test functions
defined by (5.11). We write p¢ — ¢w® in (2.3), and we pass to the limit in the
equation

/ Vui™ - V(wn¢) do = )\f“(—l~ - I)/ Ut w G dr + A / Ut w G de

Q ex UBe Q
when ¢, — 0, Using the techniques in the proof of Theorem 4 and taking into
account m < 2, the Poincaré inequality on each region B¢, and properties (b), (c)
and (5.13) of (d) in Proposition 2, we obtain that (A;, u;) satisfy (4.14). That is to
say, provided that u; £ 0, (As,u;) is an eigen-element of (4.11).

The orthonormality of u; in V and the Poincaré inequality on each B¢ allow us
to prove that the eigenfunctions u; are orthogonal in L*(Q) and v # 0. Therefore,
the number of ); cannot be a finite number. We use (5.13) and a typical process
of contradiction to prove that \; is the i-th eigenvalue of (4.11) (see Sec. TIL.9.1 of
Ref. 1 and Sec. 6 of Ref. 9 dealing with this kind of technique).

The result for o = +00 is shown using the techniques in the proof of Theorem
4 for that value of o and the above reasoning in this theorem. 0O

Remark 10. The case m = 0 has already been considered in Ref. 3 in the frame.
work of boundary homogenization problems; Ref. 3 provides estimates for the dif-
ference between the eigen-elements (A€, v ¢) and those of the homogenized problem.
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