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Abstract

In this review we collect certain results obtained in the last decades on vibrating systems with concentrated masses. In
particular, we show the connection of the eigenvalues and eigenfunctions of the local problem with the low and high frequency
vibrations of the original problenTo cite thisarticle: M. Lobo, E. Pérez, C. R. Mecanique 331 (2003).
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Résumé

Sur les problémes locaux pour les systémes vibratoires avec des masses concentrées. Ce rapport-ci contient quelques
resultats obtenus tout au long des deniéres décades sur les systémes vibratoires avec masses concentrées. Notamment, on
met en evidence la connexion entre les éléments propres du probléeme local et les vibrations de basses fréquences et d’hautes

fréquences du probléme origin&our citer cet article: M. Lobo, E. Pérez, C. R. Mecanique 331 (2003).
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1. Introduction

The asymptotic behavior of the spectral problems associated with vibrating systems with concentrated masses
has been addressed by many authors in the last two decades: [1-21]. Many different techniques have been used
in these papers and a great variety of results have been obtained depending on the dimension of the space, the
density of the concentrated masses and the number of concentrated masses. Nevertheless, it should be noticed that,
even though the first papers date from 1984 (cf. [1,2]), and the last papers are as recent as 2003 (cf. [20,18]), there
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are still many open questions on the subject; we shall try to point out some of these questions throughout this
paper.

We consider the vibrations of a body occupying a bounded domRaiof R”, n = 2, 3, that contains one,
several or very many small regions of high density near the bourddaryhe so-calledoncentrated masselSach
concentrated mass occupies a small dongirT §2; B® has a diameter @); the density takes the valug©™)
in B® and Q1) outside,m ande are positive parameters,— 0. Let N(e) denote the number of concentrated
masses contained 2. We assume that the distance between two concentrated masses is of order of magnitude
greater thar and thatV (¢) can be either a fixed number ot @lependent number as in boundary homogenization
problems. Takingn > 2, we study the asymptotic behavior, wher> 0, of the eigenelements.?, u®) of the
corresponding spectral problem (cf. (1) and (5)).

Most of the above mentioned authors (cf. [1,3,5-9,16,18]) consider one single concentrated mass, itiede
Laplace operator, and a Dirichlet condition on the boundazy that is, the spectral problem

{ —Auf =1 pf(x)uf in 2
ut*=0 onas2
wherep? (x) is the function defined by

1)

pfx)=¢e™ ifxeB® and p°(x)=1 ifxe2 — B¢

Here, we assume that > 2, B* = ¢ B, whereB is a bounded open domain Bf', and both2 and B contain the
origin.

See [10] for a Neumann condition on the boundas¥, [11] for the bi-harmonic operator, [2] for the elasticity
operator, [20] for the operator associated with Reissner—Midlin plate model and [4] for the dimension 1 of the
space. We refer to [12-14,17,21] for the case whé(e) — +oo, the concentrated masses being periodically
distributed on the boundary &? (cf. (5)). Let us observe that in all these papers, the cases whegr2 have also
been considered. Besides, we also note that the results in papers considering one single concentrated mass inside
£2 (cf. (1)) can be extended to the case where the concentrated mass is placed at the b@n@érgs)) with
minor modifications. For this reason, throughout the paper, we state the results for the concentrated masses placed
at the boundary.

A common fact to all these problems is that far> 2, the so-calledow frequenciesthat is the eigenvalues
A% = O(g"~2), give rise tolocal vibrationsof the concentrated masses, each one asymptotically independent
from the others. Roughly speaking, the corresponding eigenfunctions associated with these frequencies are only
significant in a small neighborhood of the concentrated masses and almost vanish at distance ofipridemO
the concentrated masses. Therefore, in general, in order to obtain vibrations affecting the whole structure, it is
necessary to consider the eigenfunctions associated with the so4tiglfeftequenciesThese frequencies are of
order of magnitudé® = O(1) and the corresponding vibrations are referred to agligal vibrations Of course,
other kinds of vibrations associated with other different orders of magnitude of the frequencies could exist but the
problem is to locate them (cf. [18]).

Let us note that the definition of local vibrations has been stated since the very beginning (cf. [1] wi3sand
[5] whenn = 2). The eigenvalues causing these vibrations, suitably re-scaled, are approached by the eigenvalues
of the so-calledocal problem(see (8) and (10)). We also observe that among all the techniques, the classical
asymptotic expansions are essential in order to describe this local behavior. Namely, the asymptotic expansions are
useful for dimensiom = 2 of the space, as a consequence of the behavior at infinity of the harmonic functions in
outer domains as we outline here below (see also formulas (12) and (13)).

Indeed, considering.?, U%) an eigenelement of the local problem (10), f6r= 2% + - .. in (1), and for a
suitable normalization of the corresponding eigenfuncticn&ee Section 3),° are approached ife by

u® ~ U0(§> —c+ ﬁ(ln Ix| — f(x)), whenn=2 @)
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where f is a harmonic function if2, f(x) =In|x| on 32, andc is the constant in (10), and,

u‘E%UO(f), whenn =3 (3)

&

Formulas (2) and (3) show the local character of the corresponding vibrations (see [5] and Sections VII.10 in [7]):
the eigenfunctions? are of order @1) only in a region near the concentrated mass (ix¢ = O(¢)) and of order
o(1) for |x| = O(D).

Asymptotic expansions are also useful for describing the asymptotic behavior of the eigenfunctions associated
with the high frequencies of (1) ((5), resp.), inside each concentrated mass (cf. formulas (24)—(26)). They prove
also to be essential when describing the behavior of the eigenfunctions that concentrate their support in certain
other small regions, for instance, boundary layers @garor near the interface of the concentrated masses: see
[18] in connection with the so-calleghispering gallery eigenmodes

In Section 2 we introduce the eigenvalue problem (5), the eigenvalue local problem (8), and some background
on the subject. In Sections 3 and 4 we state the main results for the asymptotic behavior of the low frequencies,
A8 =0(e"2), ase — 0, depending on the dimension of the space, on the multiplicity of the low frequencies
of the local problem (8) and on the number of concentrated masses. We also provide results on the structure
of the eigenfunctions associated with these frequencies. As regards the high frequencies, in Section 5 we
introduce thehomogenized problen{23) and we make clear that the computation of certain correcting terms
for certain eigenfunctiong’® is deeply involved with the study of the high frequencies of the local problem. These
eigenfunctions:® are associated with the high frequencigs= Af(s) = 0O(1), and, under certain restrictions on
the geometry, the correcting terms improve the convergengé tdwards the eigenfunctions of (23) or towards
zero (see [12-15,17] for convergence results).

The aim of this review can be summarized as follows: to describe different kinds of techniques to broach the
asymptotic behavior of the eigenelements ofdtiiependent spectral problem (5) ((1), resp.) and, at the same time,
to show how this behavior strongly depends on the number of concentrated masses and the dimension of the space.
Besides, we make it clear that the eigenelements of the local problem (8) ((10), resp.) are involved in the study of
the low and high-frequency vibrations of (5) ((1), resp.), rather than being involved only with the low frequencies
as one might think at a first stage (see [16,18]).

Finally, for further recent studies on vibrating systems with concentrated masses and for very different
qualitative results let us mention: [19] for a non-periodical distribution of the concentrated masses: wh2n
and N(g) — oo, [20] for a problem where the thicknessof the domain is a new small parameter which gives
different limit behaviors of the spectrum, and [22,23] for very different geometries and spatial distribution of the
regions of high density.

2. Setting of the problems

Let £2 be any bounded domain &", n = 2, 3, with a Lipschitz boundary 2 and$2 c {x, < 0}. Let X and
I', be non-empty parts of the boundary, such th@t= X U I'p, and X is assumed to be in contact wigh, = 0}.
Let e andn be two small parameters such thak n andn = n(¢) — 0 ase — 0.

Forn = 2, let B be the half-circleB = {(y1, y2) | y2+y3 < 1, y2 < 0} in the auxiliary spac®&? with coordinates
v1, y2. Forn = 3, let B be the half-ballB = {(y1, y2, y3) | yf + y% + y§ <1, y3 < 0} in the auxiliary spac&®?
with coordinatesi, y», y3. Letd B be the boundary oB, 8B = T U I, whereT is the part lying or{y, = 0}. Let
B® (and similarlyT®, ") denote its homothetieB (¢T, I'). Let B; (and similarly7;?, I';’) denote the domain
obtained by translation of the previo®$ (7%, I'¢) centered at the poin; of X'; x; are at distance between
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them.k is a parameter ranging from 1 1d(¢), k € N. N(e) denotes the number & contained in2; N(e) is of
order CI%) whenn = 2 and Gi1/5%) whenn = 3. The parameter denotes the value

1
a=lim —— whenn=2 and a=lim - whenn=3 (4)
£—

e=»0nlne 0n?
We consider the eigenvalue problem:

—Auf =pfAfuf in2

u®*=0 onlpuU|JT®

ou® —
—=0 onx -\JT*
on

(5)

wherep? = p®(x) is the function defined by

= e
o) = | o ifxeUB
1 ifxe-JB?®

(6)

The symbol J is extended, for fixed, to all the regionsB; contained inf2. The parametew: is a real number,
m > 2 (see [12-14], for different values of the parametgmboundary conditions and shapes of the domains
andB).

We also consider problem (5) in the case where there is a fixed number of concentrated masses placed at a fixed
distance: thati&v(e) =1 or N(¢) = N with N independent of. In this casel ] B* (similarly, | ] T¢) denote either
B? (T?) or the union of theV regionsB® (T¢) contained inf2 (352).

As a matter of fact, let us note that here, and in previous papers [12-15,17], we have considered the case where
the concentrated masses are placed on a paof 062, X lying on {x, = 0}. In addition, rapidly alternating
mixed boundary condition have been imposed on this part of the boundary. In order to fix ideas, we have chosen
problem (5) as a model to state techniques and results throughout the paper. Nevertheless, sometimes, it can be
more adequated to consider a Neumann boundary condition on the Whote¢he case where the concentrated
masses are insid@. In the case of one single concentrated mass inQidproblem (5) reads (1). We observe that
the techniques in this paper apply to the study of the above problems with some minor modifications.

As is well known, problem (5) has a discrete spectrum. For fixddt {17}7°, be the sequence of eigenvalues
of (5), converging tao, with the classical convention of repeated eigenvalues. Using the minimax principle, it has
been proved (cf. [12—-14]) that for each fixee: 1, 2, ..., the eigenvalues satisfy the estimates

Ce™2 <28 < g2 )

whereC is a constantindependentoénd: andC; is a constantindependentaflet {u]}>°, be the corresponding
sequence of eigenfunctions which are assumed to be an orthonormal basis of th&/$patereVe is the
completion of{u € C1(2) |lu=00nT'o U|JT?} in HY(£2).

Because of (7), the low frequencies are the eigenvalfies O(¢"~2) for fixed i, i = 1,2,.... Convergence
results for the low frequencies can be found in [1-3,5,7-9] for one single concentrated mass and in [12—-15,21] for
many concentrated masses. As already noted in Section 1, in general, the low frequencies are associated with the
local vibrations of the concentrated masses, each one asymptotically independent from the others. Nevertheless,
we have found an exception: far= 3 anda > 0 these frequencies also give rise to global vibrations affecting
the whole body. That is, only for a 3-dimensional body containing many concentrated masses near the boundary
at mutual distanceg~ /¢ can the eigenvalues of orde(&¥~2) be approached by means of those for a problem
obtained from the homogenization of the concentrated masses (cf. (21)). Apart from this exception, which we
consider in Section 4, the low frequencies and the corresponding eigenfunctions are asymptotically described, in a
certain way, by the local problem (8).
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The local problem is an eigenvalue problem posed in an unbounded domain:
—AyU=)U inB
—-AyU=0 inR""—B

[U]l= [H_U} =0 onr

ony
U=0 onT (8)
oU _
—=0 on{y,=0}-T
Oyn

U(y)—>c, as|y|— oo, y, <0Owhenn=2

U(y)—>0, as|y|— oo, y, <Owhenn=3

where the brackets denote the jump acrbss:, the unit outward normal td” andc some unknown but well
determined constanR”~ is the half-plan€(y1, y2) | y2 < 0} for n = 2 and the half-spacfyi, y2, ¥3) | y3 < 0}
for n = 3. The variabley is thelocal variable

X — Xk

. (©)

&

which dilates the neighborhood of each poiptand transforms; into B.

As itis known (cf. [12,14]), (8) can be written as a standard eigenvalue problem with a discrete spectrum in the
spaceV, whereV is the completion ofU € D(R"~) | U = 0 onT} for the Dirichlet norm||VyU || 2z See [5,

12—14] and Section IV.8 in [7] for the weak formulation of (8) in the space completipti efC1(B) | U =0 onT}
for1 t2he norm of H1(B) and the definition of the so-calleMeumann-Dirichlet operatofrom H~Y2(I") to
HY2(I).

Let {A?}fﬁl be the eigenvalues of (8), with the classical convention of repeated eigenvalues,{a!ﬂ:};@} be
the corresponding eigenfunctions of norm Din

In Section 3 we summarize results on the relationship of the low frequencies of (5) with those of (8). In the
same way, in Section 5 we show the connection of the high frequencies of (5) with the very large frequencies of (8)
obtained in previous papers (cf. [16,18]). From results in Sections 3 and 5 we can assert that the low frequencies of
thee dependent problem (5) are always closely associated to the low frequencies of the local problem (8) while the
high frequency vibrations of (5) are associated to the homogenized problems (23) and the very large frequencies
of (8).

We emphasize that all the results and techniques in Section 3 and in the previously mentioned papers (cf. [12-15,
17,24]) can be extended, with minor modifications, to the case of other geometriesfat >, or other boundary
conditions ord £2, or to the case where the masses are placed on a surface inside the forfRairnstance, when
a Neumann condition in imposed on the whale the local problem is (8) where the Dirichlet condition Bris
replaced by a Neumann or#//dy, =0 onT (cf. [12]). In the case where the concentrated masses are ifzside
(cf. (1)), the local problem reads:

—AU=AU inB
—-AU=0 inR"—B

[U]= [ﬂ} =0 ondB (10)
ony

U(y)—c, as|y|— oo, whenn =2

U(y)—> 0, as|y|]— oo, whenn=3

In order to obtain the results in Section 3 for all these problems, we observe that it is easier to handle the local
problem (10) (instead of (8)) and that the solution of (8) can be extended by a harmonic function outside a domain
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that containgB. See [25-27,12,14]for local problems posed on the half-sRéceavith mixed boundary conditions
on the plangx, = 0}, n beingn =2, 3.

We refer to [12] for the results and techniques in Section 4 when a Neumann condition is imposed on the
whole X andN (¢) — oo. As regards the case where the concentrated masses are placed on aumfide the
domaing2, N(e) — oo, the normal derivative appearing in the equation’din the homogenized problems (21)
and (23) is likely to become a transmission condition (cf. [28,29]): it seems clear that all the statements can be
rewritten with minor modifications.

Finally, let us also observe that, except for certain explicit computations in [16] and [18] (cf. Section 5), it is not
essential foB to be a ball or half-ball oR"; B can be any other domain &" with a Lipschitz boundary.

3. Low frequenciesand local vibrations
Let us change the variable in (5) by setting= x /¢. We obtain the integral formulation:
fvaS .V, Vedy = US/,BS(y)USVde, YVe e Ve (11)
2 $2¢

wheres2, denotes the domaify | ey € 2}, V¥ = A/ ~2, A¢ the eigenvalues of (5), anff (y) is defined as:
B=1 ifyel Jr,B° and p(y)=e" ifye.—| Jr B

wherer, B® denote the transformed domains of the regiBfisontained ins2 to they variable (see (6))\7‘E is the
functional spacgU = U (y) | U (ey) € V¢}.

We assume that the eigenfunctions of (11) satj€fy |- = 1. Thus, we can take (cf. (5§J° = u® whenn =2
andU® = u®/+/e whenn = 3. In addition, we observe that the element¥/éfextended by zero ilR"~ — 2, are
elements o). The first convergence result for the eigenelements of (11) in both d&%¢s= N or N(g) — +o00
can be stated as follows:

Theorem 1. If (¢, /¢”) 29 3* and the corresponding eigenfunctiobig,, 20 U* weakly in with U* 0
andA* £ 0, theng = m — 2 and (A*, U*) is an eigenelement @8). In addition, each eigenvalue® of the local
problem(8) is an accumulation point of value\$(€)/em*2; the index (¢) can be fixed or dependent en

The first assertion in Theorem 1 is easily proved by taking limits in the variational formulation (11) for
suitableV¢. This technique, along with asymptotic expansions, proves to be very useful when identifying possible
limits of the eigenelements of tkredependent problem. Let us observe that in order to obtain this kind of results
the normalization selected for the eigenfunctions is essential (see Theorem 7 in Section 5 to compare). Moreover,
in the case wherg =m — 2 andN(¢) =1 or N(¢) = N, theU* in the statement of Theorem 1 is different from
zero, which proves useful to obtain stronger results of convergence.

The second assertion in Theorem 1 has been proved in [12—-14] using Spectral Families and Fourier Transform.
This technique is very general and can be used for very many spectral perturbation problems in which self-adjoint
operators are involved: all ends up as a weak convergence of the corresponding spectral families operating on
certain test functions. This allows us to obtain spectral convergence results when the limit spectral family is not a
constant one. The Fourier Transform method provides information on the spectrumesadépendent problems
when properties of the time dependent problems are known. We refer to [30,31,7] for an extensive theory and
[24,32,7,31] for its application to different spectral perturbation problems. We also observe that, in general, the
Fourier Transform does not provide information on other possible accumulation points of the spectrum or on the
associated eigenfunctions.
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A more precise structure of the eigenfunctiorisassociated with the eigenvalugssuch that? /e"~2 ~ A9,
wherea? is an eigenvalue of the local problem (8), is obtained by using asymptotic expansions. The technique of
matched asymptotic expansions (cf. [5,15], and Section VII.10 in [7]) leads us to the composite expansion of the
eigenfunctiond/¢ in £2:

U€z§:@<w<f%&)—c+—iumx—@p<ﬂx—@»> whenn =2, (12)
k

Ine

and

U‘E%ZakUc’(x xk), whenn =3 (13)
% &

where the summation is extended, for fixedo all the centres; contained in¥ anday are constants. Moreover,
whenn = 2, we have assumed that limg(Inn/Ing) = 0, and, f is a harmonic function in2, satisfying
homogeneous Neumann conditions Bhand f(x) = In|x| on I'p. ¢ in (12) is the constant which appears in

(8) for » = 1% andU = U°.

On the basis of (12) and (13), and since the constanisan take the value 0, we can assert that there are
N(e) eigenfunctions associated wittf = Af ~ e"~2A%, {Uf 1) (see (2) and (3) to compare). Eaelf is
approximately an eigenfunction associated within a small neighbourhood of the concentrated mBaSsand
it takes small values in points far from this mass. That is to sdy,denotes the multiplicity of the eigenvalué
of (8), the multiplicity ofA¢ is likely to be equal to or greater than the prodigéf (¢). Obviously, in the case when
A¢ also originates global vibrations & 3, n & /¢) other eigenfunctions can be associated witi{cf. Theorem
7 in Section 4).

In Sections 3.1 and 3.2 we provide some results that justify (12) and (13) and, at the same time, complement
Theorem 1. In Section.® we consider the case of one single concentrated mass or a fixed number a¥ them
while in Section R we consider the case of very many concentrated masses (8., oo.

3.1. The case of a fixed number of concentrated masses

On account of (7), for each fixedve can extract converging subsequerﬂfé;éef’f*z ase, — 0. We note thatin
the best case we can prove the convergence of the spectrum with conservation of the multiplicity (cf. Sections VIII.1
and VIII.2 in [30] and Sections XI.1-X1.3 in [31]). If so, because of Theorem 1, one may think that it is possible
to prove the convergence of the whole spectrwfl/emfz}fil, towards the eigenvalues of (8),? 2., aswell as
the convergence of corresponding eigenfunctions in a certain topology to be stated. This is the case for one single
concentrated mass as the following theorem states.

Theorem 2. Let N(¢) be N(¢) = 1 and letm bem > 2. Let)A? be the eigenvalues @) andU; the corresponding
eigenfunctions with norri in V¢, Besides, for fixed, the values/\f/g'"—2 converge, whers — 0, towards the
eigenvalues 0of8), {’\?}?ir with conservation of the multiplicity. For each sequence it is possible to extract a
subsequence, ~s:till denoted bysuch that the corresponding eigenfunctioti§, converge toward$/; in L?(B)

(and weakly inY), e — 0, WrLereU,- is an eigenfunction associated with the¢h eigenvalue o(8), and {U;}°,;

form an orthonormal basis of.

The proof of Theorem 2 is quite classical nowadays. It can be performed by using very different techniques. On
the one hand, let us mention the spectral perturbation theory for implicit nonholomorphic eigenvalue problems: see
[5] whenn = 2 and Section VII.11 in [7] when = 3 for the proof of Theorem 2, and, see Section V.10 in [7] for
the general theory and references.
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On the other hand, Theorem 2 can be proved by using the results on spectral convergence in Section Ill.1 of
[9], namely, Theorems 1.4 and 1.7. These results state the convergence of the spectrum for a sequence of abstract
operators acting on different Hilbert spaces, under certain restrictions for this sequence. Their proofs are based on
Lemma 1 (cf. Section.2) and on particular properties of the sequence of operators. Let us refer to [8] for the
proof of Theorem 2 when = 2 and to Section III.5 of [9] when = 3. Theorems 1.4 and 1.7 in Section Ill.1 of
[9] also provide certain estimates for the difference between the eigenvalues and eigenfunctionslepiredent
problem and the limit problem.

Uniform estimates for bounds of the convergence rate of the eigenelements of (5) towards those of (8),
depending or and the eigenvalue number interest from many viewpoints, and some improvements of the results
in Theorem 2 should be performed in this direction. For the time being, we refer to [33] for the technique used
to get these bounds for other parameter dependent problems. This technique is based on Lemma 1 and results on
almost orthogonalityf the eigenfunctions (cf. SectionZ3.

Finally, let us also mention the technique of t&econvergence theory of elliptic operators in Section 111.9
of [34], as an effective fast method to check the convergence of the eigenelements as stated in Theorem 2. This
technique is based on the minimax principle along with orthonormalization processes.

It is worth observing that the proof of the first assertion in Theorem 2 can be extended with minor modifications
to the case ofV concentrated masses. Indeed, for simplicity let us féike 2 and the two masses centered at the
fixed points (independent @f) 1 andx,. Then, by denotings (12, resp.) the spack with the variabley in (9)
fork =1 (k =2, resp.), we consider the space proditt Vi x V, whose elements are pairs of functiqis V),

U e Vl, Ve Vz, the scalar product ivV is the sum of the scalar productsm and Vz In the same way, we
consider an eigenvalue problem with the same eigenvalues of (8) and the double multiplicity of each eigenvalue:
Tofind A and(U, V) e W, (U, V) #0, U andV satisfying Egs. (8).

Then, the extension of the results in Theorems 2 allow us to assert that for each eigefvafube local
problem (8) with multiplicity/o, the total multiplicity of the eigenvalues of (5) converging towakdsis ioN,

N being the number of concentrated masses. Therefore, we observe that the limit eigenvalues of the sequences
A /e™=2 are not influenced by the number of concentrated masses. The main difference in the limit behavior of
the eigenelements of (5) lies in the approach for the eigenfunctions. See [10] for other very different results when

a Neumann condition is imposed on the boundargof

As a matter of fact, we observe that the results on the structure of the eigenfunctions of (5) in Theorem 3 below
also apply to the case here consider®¢s) = N, but we cannot extend the results in Theorem 2 to the case where
N(g) — oo as we shall show in Section 3.2.

3.2. The case of many concentrated massgs) — +oo

Let N(¢e) be N(e) — oo as stated in Section 2. For brevity we consider 0 in (4). Let us point out that
there is an important difference between the dimensioas? andn = 3 of the space. More precisely, for= 2
Theorem 5 states that all the sequen?c‘;e/ss'"—2 converge towards the first eigenvalk%of the local problem (8),

i=1,2,....Instead, fon = 3, there are other different limit accumulations points of sequ@tfq’eé?*z for which
the corresponding eigenfunctions are associated with global vibrations of the whole structure (cf. Theorems 6 and 7
in Section 4).

Theorem 3 justifies (12) and (13) since it shows that, for any fikedKk < N(¢), there are at leaghK
valuesi® /¢ ~2 converging towards each eigenvaifeof (8), o being the multiplicity ofA°. More specifically,
it is proved that, for sufficiently small, the sum of the multiplicities of the eigenvalula;% of (5), such that

)»f(s)/s’"_z approaches?, increases as the number of the concentrated maéggsdoes, and converges te

ase — 0. Besides, the corresponding eigenfunctions are approached in the?sgphmhe eigenfunctions of (8)
associated with.?, concentrating their support asymptotically in neighborhoods of the concentrated masses as
stated in Theorem 3.
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Let us consider an eigenvalue’ of (8) with multiplicity lo and UD,UJ,...,Up the corresponding
eigenfunctions, orthogonal W, satisfying||V, U,°||L2(Rn_) =1. Let us introduce certain cut-off functio$ such
that/%*° e V¢, and,U9¢* — U%in V ase — 0 (cf. [12,14]).

We defineg® (y) as a function defined depending on the value.dforn = 2, we consideR, = /(¢ + n/4) /¢
and we define:

In|y| —InR,

if R, <|v| < R?
|nR€ & |)’| £

P*(y)=1 if|y| <R, (=1

(14)
¢E(y)=0 if |y| > R?

For n = 3, we considep® as a smooth function which takes the value 1 in the half-ball of ra@dius n/8)/¢,
B((¢ + 1/8)/¢), and zero outside the half-ball of radius+ n/4) /e, B((e¢ + n/4)/¢):

7 () =¢<2'” 'n_ 8) (15)

wherep € C*[0,1],0< ¢ < 1,90 =1in[0, 1/4] and Supgy) C [0, 1/2].
Foreachk=1,2,...,N(¢e), p=1,2,...,lp, we introduce the functioz,f’p,

Uy — %k /)" (y — Xk /e)

zZ;i ,(n= - (16)
ko IV, (U969l L2
wherey = x /¢. They satisfy the@lmost orthogonalitgodition:
(Z%, pr Zinglye =0 forka#ka, (Z% s Zk g)ge —Op.g| =01 Vk.p.q (17)

where @ . = C(In (1 + n/4¢))~Y2 whenn =2, and q . = Cs/n whenn = 3, with constant independent of.

Theorem 3. Let us consider an eigenvalue® of (8) with multiplicity lo and let UP, U3,..., U2 be the
corresponding eigenfunctions which are assumed to be orthonormal For any K > 0 there ise*(K) such
that, fore < ¢*(K), K < IgN(¢) and the interval[z° — 4%, A% + d¢] contains eigenvalues ¢i1) Af(e)/e’““z
with total multiplicity greater than or equal to Kd° is a certain sequencel’ — 0 ase — 0 and the interval
(A0 — a¢, 19 + d¢] does not contain other eigenvalueg8f different froma©.

In addition, there arégN (¢) functions,{U,f’p},f:ll)’fS(e), U,f’p e V¢, such tha‘q|U,f’p||\~,g =1, U,f,p belongs to the
eigenspace associated with all the eigenvalugs.th— 4¢, A% + d¢], and

Ut , = 2 g <2002)*7° (18)

In (18), B is a constant0 < 8 < 1, Op¢ ey 0, 0. is given byoy, = 01, in (17) whenn = 2 and by
02 = CmaxX(e/m*? e" 2} whenn = 3, Z;  is defined by(16) and ¢°(y) is defined by(14) whenn = 2

and by(15) whenn = 3. These functiongU; p},f:ll’f\j’(e), are such that for any extracted subsetioffunctions
{Ujl, sz, e U]‘?K}, they are linearly independent.

We refer to [15,21] for the the proof of Theorem 3, as well as for certain restrictions amd n when
a = +00. Here, we just outline that the proof of Theorem 3 is based on the application of Lemma 1 below and the
orthogonality conditions (17) for the eigenfunctions.
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It is worth stating the following basic result in spectral perturbation theory (cf. [35] and Section II.1 in [9]) on
almost eigenfunctions

Lemma l. Let A:H — H be a self-adjoint positive and compact operator in a Hilbert spcéetu € H, with
lully =1 and A, r > 0 such that| Au — Aully < r. Then, there is an eigenvalug of A satisfying|» — A;| <r.
Moreover, for any-* > r there isu™ € H with ||u*||y = 1 such that

-
*
=l < =
u* belonging to the eigenspace associated with all the eigenvalues of the opgtdiong on the segment
[A—r* A+r*].

Let us observe that, in general, even though the quantitiasd 2-/r* in the statement of Lemma 1 are
sufficiently small, we cannot assert that the functioapproaches a true eigenfunction of operadoassociated
with A, but a linear combination of eigenfunction$ associated with all the eigenvaluegin— r*, A 4+ r*]. The
functionu is the so-calle@lmost eigenfunctionr quasimodécf. [36,37]). In order to obtain more precise results
on the approach of the eigenfunctions, other spectral properties for opdratauld be known (cf. [37,24]). This
is the reason why Lemma 1 is used as an intermediate step to prove the stronger spectral perturbation theorem that
provide the convergence of the whole spectrum as mentioned in Sectigof3Section 11l.1 of [9]). In general,
Lemma 1 provides useful information on the spectrunz afependent operatot4® and on the corresponding
eigenfunctions in the case where spectral theorems that guarantee the convergence of the whole spectrum do
not work. Besides, the approach to the eigenfunctions is usually stronger than the approach provided by the
convergence of the dependent corresponding spectral families (cf. [32,24,17]).

Let us also notice that the construction of almost eigenfunctions has been widely used in the literature either to
approach true eigenfunctions or to detect points of the essential spectrum of a self-adjoint operator: let us mention
Section IV in [38] and Section IV.3 in [7] as general references.

On the other hand, the result in Lemma 1 should also be completed with other results which provide information
on the total number of eigenvalues of operatoin the interval[A* — r, A* 4 r]. We refer to Section 1V.2.3 of [37]
for general results oarthogonal families of quasimodess well as for references, and to Section VII.1 of [39] for
certain useful algebraic results.

As a matter of fact, we observe that the assertion in Theorem 3 on the total multiplicity of the eigenvalues in
the interval[A® — 4%, 19 + 4¢] cannot be improved by using the general results in [37,39]. Instead the minimax
principle and certain properties of the harmonic functions in a half-plane with a finite energy allow the results to
be improved as stated in the following theorems (cf. [21] and Sections 11.2 in [40]).

Theorem 4. Letn ben=2o0rn=3. LetA] andk(l) be the first eigenvalues @) and(8) respectively. Then, there
exist a constant* < A2 and a sequences . — 0, ase — 0, such that* < A5/e" 2 <19 + 0z

Theorem 5. Letn ben = 2. Then, for each fixed=1, 2, 3, ..., the sequenckf/s’"—2 converge towards the first
eigenvalue\g of the local probleng8).

Theorem 4 shows that far= 2, 3 the limit of any converging subsequence?@fe'"‘2 is bounded by the first
eigenvaluex? of the local problem (8). Therefore, in the case Wf‘ﬂeirﬁ:m_z — Ag, ase — 0, Theorem 2 ensures
the convergencEl./sm*2 — Ag, ass — 0, forany fixed =1, 2, .... But this result, stated in Theorem 5, can only
be proved for the dimension= 2. For the dimension = 3 there are other accumulation points of subsequences
of A% /e™~2 which are smaller than? as we outline in Section 4.
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4. The case of many concentrated masses. global vibrations

Throughout this section we consid®i(e) — oo, « in (4) strictly positive andk = 3 and we make it clear that
the results for the local vibrations in Sectior®2&are sharp. Indeed, Theorems 6 and 7 in this section show that
for the dimensiom = 3 other accumulation points Qf./sm_z smaller thamg, the first eigenvalue of the local
problem (8), can exist. In order to state this, we introduce both a new funEtaond a Steklov eigenvalue problem.

Whena is not an eigenvalue of the local problem (8), we define the fundtigry as

av*

I (19)

FO)= —<

F’ >H1/2(F)><H1/2(F)

whereV* — W is the solution of the nonhomogeneous problem associated with (8) when the equakida in
replaced by —AV = AV + AW in B, and W is the solution of the following local problem (cf. [25] for this
solution):
-AyW=0 inR%
W=0 onT
aw — 20
— =0 on{y3=0}-T (20)
dy3
W(y)— 1, as|y|— o0, y3<0
Let us also consider the Steklov eigenvalue problem, obtained from the homogenization of the concentrated
masses:

—Au=0 inf

u=0 onlg (21)
ou

— =ouu onxt

on

with eigenvalue$}72 4, 0 < pux — oo ask — oo (cf. [12]).
Theorem 6. The functionF (1) defined by(19) is a meromorphic function with positive real polsé)}l?‘il, the
eigenvalues of8). Moreover,F (1) is negative for negativie; and for each =1, 2, ..., and realx, it satisfies

lim F(O)=-o00 and Ilim F(O)=+4oc0
a—20" A—29”

Consequently, for each eigenvalug of the Steklov probler{21), the equation

F(L) = pk (22)
has infinitely many positive roots. Besides, in the case where the solu(@®)ofV, is not orthogonal in.?(B) to
the eigenspace associated M@] there are infinitely many roots ¢22) strictly smaller thamg.

Theorem 6 has been proved in [12] on account of the properties of the resolvent operator associated with (8).

Theorem 7. Each rootA* of (22), A* such thatF’'(1*) # 0, is an accumulation point of eigenvalule;iis)/e’”*z.

Besides if(1¢ /e"~2) — A*, ase — 0, and the corresponding eigenfunctioufs converge towards* in H1($2)
weakly, once assumed thidt is not an eigenvalue ¢B) andu™ # 0, then(u*, F(1*)) is an eigenelement ¢21).

The proof of Theorem 7 is in [12]: this proof involves the Energy Method for stationary boundary
homogenization problems, the Laplace Transform, the Fourier Transform and results on boundary values of
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analytic functions to connect both transforms. We refer to [26,27] and [12-14] for the application of the Energy
Method to this kind of boundary homogenization problems; see [41] for useful results on boundary values of
analytic functions, when applying convergence properties for the perturbed spectral families (cf. [24] for a different
problem).

Let us observe that for = 2 or n = 3, if we consider the eigenfunctiong of (5) of norm 1 in H1(£2),
and assume that certain sequencigs™ 2 converge towards somé > 0 and the corresponding eigenfunctions
converge towards some* weakly in H1(£2), ase — 0, thenu* = 0 except for the case whene= 3 anda > 0
(see (4)). In that case, some results on the approach to the eigenfunctioh@1) that complement Theorem 7
should be obtained (see Theorems 1-3 to compare). As a matter of fact, we also notice that among all the cases
conzsidered, this case,= 3 anda > 0, is the only where the total weight of the concentrated masses is of order
O(e=™™).

5. High frequenciesand local problem

Global vibrations for the dimensioms= 2 andn = 3 have been found associated with the eigenvaldiesf
order Q1) of (5) (see [12—14] for thextreme cases = 0 andx = oo, and [17] fore > 0). On account of (7), the
frequencies.; o = O(1), fori(e) — oo ase — 0, are referred to as thegh frequencieghey are related with the

homogenized problenwhich depend on the relation (4) betweeandx:

e The Robin type problem, for theritical sizeof the masse®¢, « > 0,

—Au=iu Iin$f

u=0 onlyg (23)
u

— =—aCu onx

on

where constanf takes the valu€ = §,,/2 with S, the surface of the unit spherelRf: C =7 whenn =2,
andC = 27 whenn = 3.

e The mixed problem (23) for the extreme case- 0; the condition on¥’ reads:du/on = 0.

e The Dirichlet problem for the extreme case= co; the condition on¥ beingu = 0.

Also, fora = 0, problem (23) is associated with the global vibrations of a vibrating system with only one single
concentrated mass or a fixed number, iM(s) = N. For problem (1), with one single concentrated mass inside
£2, the boundary conditions in (23) read= 0 ond£2 (see Section VII.11 in [7], Section 111.5in [9], [8,16]). As is
well known, problem (23) has a pure point spectrum.

It has been proved in [17] (cf. [16] faN = 1) thatthe high frequencies accumulate (@, oco) and not only
at the points of the spectrum of the homogenized problem as one might think from the results in [12-14].
Moreover, these values, the eigenvalues of the homogenized problem, are singled out from the others depending
on the asymptotic behavior of the corresponding eigenfunctions. Roughly speaking, we can aseaty it
eigenfunctions® associated with eigenvalu@$ asymptotically near an eigenvalue of the homogenized problem
(23) are asymptotically different from zerthese eigenfunctions” are approached by the eigenfunctions of (23).

Of course, the suitable normalization of in H'(£2) has been chosen in order to prove these results (see
Theorems 1 and 7 to compare).

It is worth mentioning that the homogenized problem (23) is obtained from the boundary homogenization
as if the concentrated masses do not exist. Indeed, the boundary conditibniroii23) is obtained from the
homogenization of a Dirichlet condition ¢f "¢, which would happen if the eigenfunctiomSvanished insidé&®.

Bearing this in mind, some correcting terms for the eigenfunctions associated with the high frequencies are given in
[17] (cf. [16] for N = 1 andB® insides2). These correcting terms?(w? — 1), are obtained by means of classical



M. Lobo, E. Pérez / C. R. Mecanique 331 (2003) 303-317 315

asymptotic expansions in boundary homogenization problems, and allow us to assert that the approbgtDof
inside the concentrated masses is better than the approah by

1 — 1w [l 2y =5 0
Hereu? is the eigenfunction of (23) associated with 1 — 10 ase — 0, andw?® are the classical test functions
appearing in boundary homogenization problems: they are positive smooth functions which take the vatie 0 in
and the value 1 ifx| > n/2; they are extended by periodicity to to all the centers of the half-cifigldset us refer
to [28,34,26,27,29] for the explicit construction®of when B is a ball or half-ball ofR”, or it has another shape,
as well as for the homogenized problems for other geometri@sanfd 2 and for other references.

Nevertheless, instead of vanishingBf, u® can be strongly oscillating functions insi@é (cf. Section VI1.10
in [7] and [16]) or concentrate in a neighborhood of the interfB€gcf. [18]). In fact, in [16,18], forB a circle and
n = 2, the concentrated mass being insfélésee (1) and (10)), we provide correcting terms for the eigenfunctions
u® associated with the high frequencies which take into account the wavelength of the corresponding vibrations.
The computations can also be performed with minor modification8 fahalf-circle, the concentrated mass being
near the boundary. These correcting terms are constructed from the eigenfunctions of the local problem (8) ((10),
resp.) associated with the high frequencies of (8) ((10), resp.), as we outline here below.

We considei® = )Lf(s) =0(1), A¢ converging towards® and the corresponding eigenfunctiarisconverging
towardsu® weakly in H1(§2) ase — 0. It is known (cf. [17]) that.® can be any positive number and, in the case
whereu® = 0, then,(1°, u°) is an eigenelement of (23).

Using the asymptotic expansions in [16,18], we show that an alternative approdetfttor the eigenfunctions
u® inside each concentrated magsis given by:

X — Xk

ut ~ Ve <x — Tk )uo(x) whenu®(%) #£0,  u®~ v8( ) whenu®(y) =0, u®#£0 (24)
&

&

and

Ut ~VE <x _gxk) whenu® =0 (25)
wher%u0 in2(24) is an eigenfunction associated with the eigenvafuef problem (23) and/¢ satisfies (8) for
A=21"/e"me

More precisely, in (24), (25)V¢ is a solution of (8) ((10), resp.) where the equationBiris replaced by
—AVE= (A9/em=2)v¢ in B, andV¢ converging towards some constanihen|y| — oo which proves to be 0
or 1 depending on whethef (i) be equal to zero or different from zero. Therefore, e 1°/¢” 2, we have
the eigenvalue problem (8) ((10), resp.) where we chose a certain normalization of the eigenfunctions in the case
wherec = 1. Besides, the sequencenust be chosen such that= A%/¢"~2 be an eigenvalue (8): that isyaries
in very particular subsequences.

That the approaches (24), wha(0) # 0, and (25) improve the approaches through 0 inside the concentrated
masses has been proved for the case of problem (1), wihete0, n = 2 and B is a circle (cf. [16,18]). This
shows the oscillatory behavior of the eigenfunctions ingide The proofs are performed by means of explicit
computations and using Lemma 1. Explicit computations can also be extended to the Baaéalf-circle and
(25) can be justified in this way. Instead, it is still an open problem that (24), wR&d = 0, provide a true
correcting term for the case of one single concentrated mass in (1). Als®y, forl andn = 3, they are open
problems justifying (24), (25).

Finally, let us observe that all must be done for the case whef®, 3 andN (¢) — oco. In this case, it seems
as if global correcting terms if2 are obtained from (25); formally:

ut = V*e <£> (1-w(x) ing, whenu® =0 (26)
&
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for A¢ ~ A0 andA? not an eigenvalue of (23)¢, V¢(y) ande as stated above, aritl — w? (x)) V¢ (x/¢) has been
extended by periodicity to all the centefsof the half-circles.

Thus, we emphasize that an analysis of the structure of the eigenfunctions of (8) ((10), resp.) associated with
very large eigenvalugsmust be performed in order to obtain more information on the structuréiof(24)—(26).
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